DCPT-08/53 



UV-divergences of Wilson Loops 
for Gauge/Gravity Duality 



Chong-Sun Chu, Dimitrios Giataganas 

Centre for Particle Theory and Department of Mathematics, 
Durham University, South Road, Durham, DHl 3LE, UK. 

chong-sun.chu@durham.ac.uk, dimitrios.giataganas@durham.ac.uk 



Abstract 

We analyze the structure of the UV divergences of the Wilson loop for a general 
gauge/gravity duality. We find that, due to the presence of a nontrivial NSNS in- 
field and metric, new divergences that cannot be subtracted out by the conventional 
Legendre transform may arise. We also derive conditions on the S-field and the 
metric, which when satisfied, the leading UV divergence will become linear, and can 
be cancelled out by choosing the boundary condition of the string appropriately. 
Our results, together with the recent result of arXiv:0807.5127, where the effect of 
a nontrivial dilaton on the structure of UV divergences in Wilson loop is analysed, 
allow us to conclude that Legendre transform is at best capable of cancelling the 
linear UV divergences arising from the area of the worldsheet, but is incapable 
to handle the divergences associated with the dilaton or the -B-field in general. 
We also solve the conditions for the cancellation of the leading linear divergences 
generally and find that many well-known supergravity backgrounds are of these 
kinds, including examples such as the Sakai-Sugimoto QCD model or A/" = 1 duality 
with Sasaki-Einstein spaces. We also point out that Wilson loop in the Klebanov- 
Strassler background have a divergence associated with the S-field which cannot be 
cancelled away with the Legendre transform. Finally we end with some comments 
on the form of the Wilson loop operator in the AB JM superconformal Chern-Simons 
theory. 



1 Introduction 



The AdS/CFT correspondence states the equivalence of string theory on AdS^ x 
to the J\f = 4 supersymmetric Yang- Mills [1-4]. According to this correspondence, 
there exists a map between gauge invariant operators in the field theory and states 
in the string theory. The correspondence is well understood for the case of half BPS 
local operators where the dual string states are D-branes in the bulk [5,6]. Wilson 
loop operator is another class of gauge invariant operator. In the limit of iV — >■ oo 
and large A = g'^N 3> 1, the expectation value of a special class of Wilson loops 
in the J\f — 4 SYM theory can be computed using the supergravity dual picture in 
terms of a dual string worldsheet [7, 8] , [9] . These Wilson loop operator takes the 
form [7] 

W[C] = j^TrP exp driiA^x'^ + ipif)J , (1) 

where the trace is over the fundamental representation of the gauge group G, A^ are 
the gauge fields and ipi are the six real scalars. The loop C is parametrized by the 
variables {x'^ {t) , y^r)) , where {x'^{t)) determines the actual loop in four dimensions, 
and (y^ir)) parametrizes the coupling to the scalars. Moreover the condition 

= f (2) 
is satisfied. The expectation value is given in terms of supergravity as 

{W[C]) = Be-^', (3) 

where the prefactor B has a dependence on the loop C which is subleading for 
large A and / is the Legendre transform of the worldsheet action / with respect 
to some of the loop variables [9] . The Legendre transform is needed because some 
of the worldsheet scalars satisfy Neumann boundary conditions instead of Dirichlet 
boundary conditions. The area / has a linear UV divergence 1/e since the metric has 
a scale factor which diverges as one goes near the boundary. It was demonstrated 
that [9] the application of the Legendre transform removes this UV divergence from 
the area and the result / is finite. 

So far there has not been much discussions on the structure of the UV diver- 
gences and their cancellation for Wilson loops in more general gauge/gravity corre- 
spondence beyond the original AdS^ x case. In a general supergravity background 
where the metric is different from the simple AdS^ x one, and where a nontrivial 
S-field and dilaton could be present, there can be new kind of UV divergences. It is 
interesting to ask whether the implementation of the Legendre transform can cure 
all the UV divergences or not. In [10], the effects of a varying dilaton were analysed 
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by including the Fradkin-Tseytlin term for the dilaton [11]. It was found that new 
UV-divergent terms proportional to \f\Je and logl/e occurs 0. Moreover these di- 
vergent terms cannot be subtracted away by the application of Legendre transform. 
A direct subtraction is applied to extract a finite result. However, the subtraction 
of the log-divergent term is associated with a finite ambiguity and further physical 
input is needed to fix the supergravity prediction for the expectation value of the 
Wilson loop. This is unlike the cancellation of the leading linear divergence in the 
Polyakov action through a quadratic constraint on the loop variables, which has a 
nice geometrical and physical interpretation. 

In this paper, we focus on the gravity dual analysis of the UV divergences from 
a nontrivial metric and i?-field. The main motivation of our work is to provide a 
general analysis of the kind of UV divergence that may occur in the Wilson loop 
correspondence and to provide a prescription for their cancellation. We show indeed 
in general there are new kinds of UV divergences associated with the metric and the 
5-field that cannot be cancelled away by the Legendre transformation. However, 
when certain asymptotic conditions for the metric and the i?-field are satisfied, the 
leading UV divergence becomes linear and one can cancel out the divergence with the 
Legendre transform by choosing the open string boundary condition appropriately. 
Things are different for the S-field. We find that the situation is similar to the 
dilaton: in general the divergences (if any) associated with the 5-field cannot be 
cancelled by the Legendre transformation. 

Another motivation of this work is to understand the role of supersymmetry in 
the holographic correspondence of Wilson loop in a general gauge/gravity duality. 
In the A/" = 4 case, the Wilson loop operator ([T]) preserves some amount of local 
Poincare supersymmetry and is sometimes referred to as "locally BPS". One may 
wonder if the finiteness of the Wilson loop is related to the preservation of local su- 
persymmetry. Wilson loop operator, being a nonlocal divergent functional, cannot 
be renormalized by the ordinary /^-operation [12] restricted to the local operators. 
The renormalization properties of Wilson loop with pure glue has been studied in, 
e.g. [13-15], and it was found that, apart from the conventional wavefunction and 
coupling renormalization, the only divergence in iy[C] is a factor e~^^, where K 
is a regularization dependent linear divergent constant and L is the length of the 
loop. This is independent of the form of C and hence the Wilson loop is multiplica- 
tive renormalizable. In A/" = 4 SYM there is no wavefunction renormalization or 
coupling renormalization, thus the finiteness of the expectation value of the locally 
BPS Wilson loop means that the multiplicative renormalization factor is finite. As 

^ These divergences were computed for the worldsheet associated with the Wilson hne operator 
with fermion bihnear insertion. However it is easy to see that these divergences are common to 
Wilson loop too. 
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is common in a supersymmetric field theory, it is natural to associate the absence 
of renormalization of this class of Wilson loop operators with the presence of local 
supersymmetry, and to suspect that the later is responsible for it. It is thus inter- 
esting to consider Wilson loop which preserves less or no local supersymmetry and 
check if this is correct. 

In the previous paper [16], we started to investigate this question by considering 
the Wilson loop correspondence in the Lunin-Maldacena duality [17]. The gauge 
theory is given by a marginal /9-dcformation of the Af = 4 SYM and has J\f = 1 
superconformal symmetries. Configuration of minimal surfaces that are dual to 
field theory Wilson loop were constructed in [18]. We proposed a form of Wilson 
loop operator that is the dual of these string configurations. We also found that, 
although these operators do not preserve any local supersymmetry, they have finite 
expectation value (both in perturbation theory, which we computed up to order 
{g'^Ny, and from supergravity). In supergravity, the absence of divergence is due to 
some special properties satisfied by the metric and the i?-field. In field theory, we 
called these operators "near" local BPS in order to distinguish them from generic 
non-BPS Wilson loops whose expectation values are infinite Although the operator 
is non-BPS, still there is the possibility that the cancellation of the UV divergence 
is due to the underlying J\f — 1 supersymmetric dynamics. 

In this paper, we find that the finiteness of the Wilson loop has nothing to do 
with supersymmetry at all. As in the AdS^ x case, the boundary constraint 
of the worldsheet has an intermediate interpretation as a constraint on the loop 
variables of the field theory Wilson loop operator. It is a pure coincidence that this 
loop constraint also implies a preservation of local Poincarc supersymmetry in the 
A/" = 4 SYM theory. In general, this condition has nothing to do with preservation 
of any supersymmetry. In fact, as we will see, the multi-parameters /3-deformed 
supergravity background [19] is an example where the Wilson loop expectation value 
is finite and where the background is not supersymmetric. 

The plan of the paper is as follows. In section 2, we present our analysis of the 
UV divergence in the supergravity Wilson loop associated with the S-field and the 
metric. In general the divergence that may arises from the B-Held coupling is of a 
different structure from that in the Lcgcndre transform and so cannot be subtracted 
away. For background where such divergences are absent, the leading order diver- 
gence arises from the area and it can be cancelled away using Legendre transform 
if certain asymptotic conditions are satisfied for the metric and the S-field and if 
the boundary coordinate of the open string satisfy a certain constraint. As a consis- 
tency check, we show that this loop constraint guarantees that the loop equation is 
satisfied. Subleading divergences could be present in general. We provide a stronger 
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criteria on the supergravity background where the subleading divergences are absent 
and the Wilson loop is expected to be finite. In section 3, we analyze the conditions 
for the cancellation of leading divergence and show that they can be solved quite 
generally. Some explicit backgrounds which satisfy these conditions are given as ex- 
amples. Many of them also satisfy the stronger form of the cancellation conditions 
and so for these backgrounds, Wilson loop computed using the supergravity descrip- 
tion ([3]) is finite. As a final example, we consider the Klebanov-Strassler background 
and show that the leading linear divergence in the area can be cancelled away as 
usual. However there are subleading divergences of order (loge)^ associated with 
the S-field and this cannot be cancelled away with the Legendre transform. We end 
with some comments on the form of the Wilson loop operator in the three dimen- 
sional A/" = 6 supersymmetric Chen-Simons theory of Aharony, Bergman, Jafferis 
and Maldacena [20] (ABJM). 



2 Structures of UV divergence in the Wilson loop 
in general supergravity background 

2.1 Conditions on the supergravity background and the string 
worldsheet for cancellation of leading order divergence 

Consider a general supergravity background. The string worldsheet is sensitive to 
the metric, NSNS -B-field and the dilaton. The structure of UV divergence associated 
with a varying dilaton has been analysed in [10] and we will focus on analysing 
the effect of a general metric and transverse B field on the UV divergences of the 
supergravity Wilson loop. Denote the metric in the string frame as 

ds^ = G^^dX^'X" + GijdY'dY^, (4) 

where /x, z/ = 1, ■ ■ ■ , m denotes the indices of a m-dimensional spacetime; and i,j = 
1, ■ ■ ■ ,n denotes the indices of a n-dimensional internal manifold. For this metric 
to be relevant for a holographic correspondence, we assume that the metric has a 
(conformal) boundary at F = 0, where Y := ^^/(Y^ is the radial variable and is of 
length dimension. It is also convenient to introduce the angular variables 6^ where 
= Y6^ with 6'*^ = 1. We will assume that in the leading order in Y, the metric 
have the following asymptotic dependence near the boundary: 

G,. = ^ + ---, G,, = ^-F---, asF^O (5) 
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for a, (5 > 0. Here h/^i,, kij are functions of 6'* only and • • • denotes subleading terms. 

Next let us analyze the string boundary condition. Let ((Ti,(J2) = (t, c) be the 
worldsheet coordinates. The worldsheet action of the string is 

1 = J (fa{y/d^-iBijdiY'd2Y^), (6) 

where g^is = GijdaX^dpX-^ is the induced metric. We note that since the world- 
sheet is an open one, the B field coupling itself is not invariant under the gauge 
transformation 5B — dA. In order to be gauge invariant, the B term should be 
supplemented with a boundary coupling J^^ A. Without writing this term, we are 
assuming we are in a gauge where ^ = and B is the corresponding potential in this 
gauge. However how to fix this choice of B-ficld is a subtle issue. Similar subtlety 
also arise in the computation of Wilson loop expectation value using D3-brane dual 
where one need to know the form of the RR 4-form potential C4 used in the WZ 
coupling of the D3-brane [21]. There a symmetry criteria is used to pick a certain 
natural form of C4. We will assume that similar considerations can be applied and 
the correct form of B field is used in the analysis below. 

The equation of motion implies the Hamilton- Jacobi equation 

G^'iPi - iBikdiY^){Pj - iBjid^Y') + G^^'P^P, = G.^d^Y'd^Y^ + G^^d^X^'d^X'' (7) 
where 

Pi = GijJ^^dpY^ + iBi^diY\ P^ = G^^^J^^dpXr (8) 
are the momentum and ^ 

^/g 

is the complex structure (q;,/5 = 1,2) on the worldsheet. Substitute the conjugate 
momentum, we obtain 



^J-d^Y'j,^dpY^ + h^^h^d^X^^J^^d^X^ = ^d^Y'd^Y^ + h,,drX^d^X^ 

(10) 



near Y — Q. 

One like to know how this equation put constraint on the boundary variables of 
the theory. To do this we need the boundary conditions for the string coordinates. 
Suppose that the Wilson loop is parametrized by (j;'^((7i), y*((Ji)) and choose the 
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world-sheet coordinates such that the boundary is located at cr2 = 0. First we have 
the Dirichlet boundary condition for the coordinates 

X^(ai,0) = x^(ori). (11) 

For the remaining coordinates F*(cri,cr2), due to the presence of the i?-field, we 
propose the mixed boundary condition 

J^d^Y\a,, 0) + ^B\^^Y\a^, 0) = E\ y\a,), (12) 

where E^i is some invertible matrix which can depend on F, 5*. Its form will be 
determined later. 

For now, focus on the first term on the RHS of (fTOll . For a string which terminates 
at the boundary, it is y*((Ji,0) = 0. This would imply also 9iF*(cri,0) = 0. If 
(3 — a < 0, then we can get rid of this term immediately. If /3 — a > 0, then this 
term indeterminate. To proceed, we consider a limiting process of letting F — 0. 
One can get rid of this term if diY^ = o{Y^^). As in the AdS^ x 5*^ case, the 
term h^yJi^daX^ Ji^daX^ on the LHS of ffTOj) has to vanish near a smooth boundary 
since otherwise the determinant of the induced metric will blow up and this will cost 
an infinite area. Therefore we arrive at the condition 

V^^i' = ^^h.Ji'^d^Y'Ji^dpY^ (13) 

for a worldsheet which terminates on the boundary y = 0. In order for the condition 
to make sense, one need Ji^ScF* to be of the order of Y 



l3-a 



Before analysing further the boundary condition, let us turn to an analysis of 
the divergence in the worldsheet action / and its Legendre transform 

i = I - j daiP.iY\ (14) 

As in the AdS^ x case, the area A may pick up a divergent contribution from the 
boundary. This can be seen by writing the metric in the form 

k-B^B^ 1 2 

G,,dY'dY^ = ^Y^dY^ + y^kijdB'dB' + y^kijB'dB^dY + ■ ■ ■ , (15) 



^ We use the symbol / = o{g) to mean limj/g = 0, i.e. / tends to infinity slower than g or f 
tends to zero faster than g. We also use / = 0{g) to mean lim//g fc, < fc < oo. i.e. / tends 
to infinity not faster than g or f tends to zero not slower than g or f tends to infinity not faster 
than g. 
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where ■ ■ ■ denotes terms coming from the subleading expansion terms in the metric 
(IHl). Near the boundary, A picks up the dominant contribution 



r Jh.e^ei , , , 

/ dYda^ ^ ^h^,x'^x- + --- . (16) 

J Y 2 

Since the metric is singular at F = 0, we introduce a regulator Y = e and evaluate 
the regularized action for Y > e. The divergent part of the area is 

A = J)/2-i / da,,/h,e^9^y/h,,x'^x'^ + -- - , (17) 

where := (a + /?)/2 — 1 and ■ ■ ■ denotes possible subleading divergent terms. 
The i?-field coupling can be written as 

-t J B.^d^Y'd^Y^ = -t j d2{B,jd^Y'Y^)+i J d2iB,jd,Y')Y^ . (18) 

With the cutoff Y = e, the first term on the RHS contributes the boundary term 

daM,Y'diY^\y^^, (19) 

which cancels against the -B-dependent term from the Legendre transform 

PiY' = G^jY^Ji'^daY^ + iBijY'diYK (20) 



Therefore we can write 
where 



i = iA + Ib, (21) 

i^:=A-(f dai GijY'Ji'^do^Y^, (22) 



J d^a d2{B,,diY')Y\ (23) 



are the Legendre transform modified contributions of the area and -B-coupling term. 
There is a reason we group the terms in this way. Note that the term GijY^Ji^daY^ 
is of the order of 1/Y^^~^ and is of precisely the same order of divergence as in A. 
Note also that A has a dependence in Ji^doX^ due to ffT51) . Thus it is in principle 
possible to cancel the divergence in A using the term § GijY^ Ji^doY^ ■ On the other 
hand, the term Ib depends on diY'^ . This dependence is different from the other 
terms. Thus the 5-field contribution, if divergent, corresponds to a new divergence 
with a different type of functional dependence on the variables of the theory. 
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Let us consider a 5-field such that 

BijdiY^ = o (^-^^ . (24) 

This imphes that the divergence in Ib will be sub leading compared to I a- This con- 
dition also implies that the second term on the LHS of ( |T2l) behaves asymptotically 
as 

iB^idiY^ = o{Y^). (25) 



Since Ji^daY^ is the order of y 2 , one can drop the i?-term in (JT2l) . It is convenient 
to define E^i = F^^A'^^ and the boundary condition (IT^ can be written as 



J^d^Y\a,,0) = Y^k\y\a,). (26) 

The Hamilton- Jacobi equation (fT3l) becomes 

Vx^x'^ = h.K'^K^^y'^r- (27) 

This condition will play a key role in the cancellation of the divergences in I a- To 
see this, note that 

= ^^k,^9'9^J^-d^Y + ^k^^J^-d'dJ^ + ■ ■ ■ , (28) 

where ■ ■ ■ denotes the subleading contribution from the asymptotic expansion of 
the metric ([5]). This is to be compared with the leading divergence ^/kij6^ ■ 
^^hfj^yX^^x^ /Y^'~^ in A, which, using (fT3l) . can be written as follows: 

/j^. .QiQj I 

^(Ji'"9aYyh,ew^ + 2Y.h-d^Y.hPh,e%e^ + Y^j^-j^^h^dj^dpOK 

(29) 

Obviously fl28p and fl29p cannot match in general. Doing so will require an extra 
constraint among the derivatives of and Y , which, first of all, is not obvious it is in 
consistent with the relation f|T3l) . Moreover this relation does not have any obvious 
physical interpretation in field theory. On the other hand there is a particularly 
simple set of conditions which guarantee that ( 128|) and ( l29l) are equal, namely, 

hjO' = e\ (30) 

(3-a<2. (31) 

In fact the first condition implies immediately kijO'^daO^ = and hence the vanishing 
of the second term in (!28l) and (129|) : while the second condition says that the last 
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term in ( ]29l) is subleading compared to the first term. As a result of (1241) . (1301) and 
(13T1) . we can write 

1 . „,„ 1 



= y^Ji'^d^Y + ■■■ = ^^k,,J,-d^Y^Ji-d^Y^ + ■■■ (32) 
near Y = 0, and the Legendre transform contributes the singular terms 

^ daiPiY' = j dai^h^K'^K^nV'^r + • • • , (33) 

where we have used ( 12B1) . Therefore the leading divergence term in (1T7|) , (15^ cancels 
if c = 1, i.e. if the leading divergence is linear: 

^A = \j [^/K.x^^x- - ^hjh}m^K y'^r) + • • • , (34) 

and if the Hamilton- Jacobi condition (p71) holds. Here • • • denotes the subleading 
contribution from the asymptotic expansion of the metric ([5]). Whether there are 
further subleading singularity (like, for example, l/Ve or loge type) or not will 
depend on the specific details of the asymptotic form of the background metric. 
Note that since diY^ is of order Y , the sufficient condition (I24p for the /^-term to 
be subleading divergent can be written as 



B., = o^-^^y (35) 

On the other hand, if 



Y2 I 



then the /s-term is non-divergent. 



Summarizing in a general supergravity background, the S-field coupling in the 
worldsheet action generically generates a divergence which cannot be cancelled with 
the Legendre transform. A sufficient condition for the i?-field contribution to be 
finite is ( I36l) . When there is no such divergence, the leading order divergence in 
the Wilson loop arises from the area and it can be cancelled with the application of 
Legendre transform if the following conditions are satisfied: 



1. supergravity background: 

- The supergravity metric takes the asymptotic form ([5]) near the boundary. 
Moreover 

a + (3 = A, p-a<2. (37) 
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- The boundary metric h^^, is independent of 6^. The transverse part of the 
metric satisfies the boundary condition 

kijO' = e^. (38) 

These conditions are conditions on the background and do not impose any 
extra constraint on the form of the Wilson loop variables. 

2. string worldsheet: 

The boundary constraint (p7|) for the string worldsheet is satisfied. 

In general, once the leading UV divergences are cancelled, there may be further 
subleading singularity (like, for example, or loge type). An extensive analysis 

of them will need information on the specific details of the asymptotic form of the 
background metric, the -B-field and the dilaton. Generally we don't expect the 
subleading divergences can be cancelled with the application of Legendre transform. 

A special situation with no further subleading divergence is if the leading cor- 
rection term in the asymptotic conditions ^ and fl36p are of at least order Y . We 
will examine some examples of this kind later. 



2.2 Comments: boundary constraint as loop constraint 

Just as in the original AdS^ x case, one would like to interpret the boundary 
constraint (p7|) for the open string as a condition in the field theory. Since the Wilson 
loop is specified by the loop variables and y*, and ^* does not play any role, the 
loop constraint should not depend on 6'*. This means h^^ should be independent of 
For the same reason, one should choose K^rn such that kkiA.'^m^^ is independent 
of 6'*. Generally this can be achieved by taking A'^m of the form 

A.^^ = A'lM'm, (39) 

where A'^; is the vielbein of the metric kki and M'^ is an invertible matrix which is 
independent of ^* but can depends arbitrarily on parameters which have meaning 
both in supergravity and in the field theory (e.g. the 't Hooft coupling or parameters 
in the theory such as the /3-deformation parameter in the Maldacena-Lunin duality). 
As a result, the condition (!27|) takes the form 

hf.^x^x" = aijfy^, i,j = l,---,n (40) 
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where we have defined := M^iM^j. In general the form of the matrix Uij will be 
a function of the couplings of the theory and cannot be fixed from the supergravity 
analysis alone. In the original A/" = 4 SYM case [9], the matrix aij is given by aij = 
Sij. We have also computed the constraint for the Af = I /5-deformed superconformal 
field theory and find = Sij up to order in perturbation theory [16]. We 
emphasize that in general the constraint ( l40l) has nothing to do with preservation of 
any supersymmetry. It is a pure coincidence that this loop constraint also implies a 
preservation of local Poincare supersymmetry in the Af = 4 SYM theory. 

Let us make a consistency check on the boundary constraint (140|) . In the large 
limit of gauge theory, Wilson loop satisfies a closed set of equations called the loop 
equation [22]. To further justify the supergravity procedure for the computation of 
the Wilson loop expectation value, one should check that the supergravity ansatz(l3]) 
satisfies the loop equation [22]. As in the AdS^ x case, although the leading linear 
divergence cancels out when the loop constraint pUj) is satisfied, the loop variation 
does not commute with the constraint and so the linear divergence may gives a 
divergent contribution and violate the loop equation. We show this is not the case. 

The loop derivative operator is given by 

L = \im<hds / ds' ^ ^ ^ ^ - a*^-— — — - . (41) 

That this definition is correct can be confirmed by checking that L{W) = in field 
theory for the Wilson loop operator ([T]). As usual the loop regulator rj has to be 
taken much smaller than the UV cutoff scale e in order to extract the equation of 
motion terms. Now acting on the supergravity ansatz ([3]) with the the loop operator, 
we get the leading term in large A, 



A 



hm ([ds r\s' i ^^-^ _ '^/a SIa \ .^2) 

^imjp s j^^^ M 5x/^(s')5x^(s) 5y\s') 5yi{s) j ' 



Let us now extract the divergent contribution from I a in ( IMI) . Given the condition 
(HOjl . we can choose a parametrization such that h^^x^x" = aijij^ij^ = 1 and get 

L{W) = ^jds ( Vx^F - a,,yY)) . (43) 

For a smooth loop the terms in the integral are finite. Therefore by taking rj going 
to zero faster than e^, we find 

L{W) = (44) 

and the loop equation is satisfied. 
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3 General solution to the conditions on SUGRA 
background and examples 



3.1 General solution to the metric condition 



The condition ( 13011 on the metric may look a little restrictive at first sight. We show 
now that it is in fact satisfied by a general class of metric of the form 

ds^ = Hi{Y)dT^ + H2{Y)dX^ + F{Y)dY^ + gi^dO'dO^, (45) 

where 6"^ , i, j = 1, ■ ■ ■ ,n are the coordinates of the n — 1 dimensional space 
and the metric gtj is a function of Y^, e.g. as in the Klebanov-Strassler metric [23]. 
The metric can be thought as a warped product of the boundary spacetime (T, X) 
and the transverse space (Y,9^). 

Defining Y^ = Y9^ and making the coordinate transformation we get 

g^dO'de^ = ^{gu + gi.e'O^e^O' - gaO'e^ - gk.9¥)dY'dY'. (46) 

So our metric become 

ds^ = Hi{Y)dT^ + H2iY)dX^ + G^jdY'dY^ (47) 

where 

G,, := F{Y)e'e^ + i^A,, (48) 

and 

A^, := g^j + gnO^e'e'e^ - guO'e^ - g,ie'e\ (49) 
The matrix Aij satisfies the following identity, 

AijO' = 0, (50) 

and so 

GijY^ = F{Y)Y' (51) 
Note that (jSTj) is of the form of fl30ll. Therefore if F behaves as 



W = ^, (52) 

near the boundary, then the condition (130]) is satisfied. Therefore if also a + f3 = 4 
and (3 — a < 2, then the metric conditions are satisfied. 
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It is easy to give example where the condition ( l30l) is not satisfied. For example, 
if we have started with a metric with an additional cross-terms dYdO^ 

ds^ = Hi{Y)dT^ + H2iY)dX^ + F{Y)dY^ + K^{Y)dYd9' + gijde'dO^ (53) 

then under the same coordinate transformation, the additional term takes the form 

K,{Y)dYde' = y{\iO''Ki + e'R^) - {K^e^H^yY^dY' := ^^^.dY'^dYK (54) 
S,ki satisfies the following identities 

ii^e^ = ]^{K, - {Ki9')9'), i,,e'e'^ = o, ^i^e'de^ = ]^Kide' (55) 

Denote the whole metric as Gij := Hij + Y~^^ij, where Hij is given by the RHS of 
dlHD. It is 

G,,e^ = F{Y)e' + ^{K, - {Ki9')9'). (56) 

Since the right hand side is generally not proportional to 6^, the condition (I5U]) is no 
longer satisfied. Note that the cross-terms in 0531) may be eliminated with a shift 
of ^* 6** + ai{Y). However the new ^'s will not satisfy the condition (^*)^ = 1 
anymore. This is another way to see that the metric conditions are not satisfied. 



3.2 Examples 

Here we examine some backgrounds with known dual field theories, to which our 
analysis can be applied. 

• Background with AdS^ x metric 
This is a standard example. The metric of the space can be written as 

3 jtt2 

ds^ = U^Y^ dX^dX^ + -^ + dXl (57) 

At=0 

where X^ is an internal compact space. In this case a = 2 = j3 and the condition 
( !37|) is satisfied. The linear divergence in A is cancelled by the Legendre transform 
and I A is finite. Some explicit examples are, X^ = S^, S^, , T^'^, Y'^''^, L^''^'^, 

etc., where respectively these spaces are the 5-sphere for the original Maldacena 
AdS/CFT correspondence [7], the /3-deformed 5-sphere for the Lunin-Maldacena 
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/5-deformation [17], the multi-parameter /5-deformed sphere [19], and the Sasaki- 
Einstein spaces [24,25]. The boundary condition for the string minimal surface 
is 

J'^d^Y\ar, 0) = k\M^i y\a{). (58) 

It is easy to see that Ib is finite for these cases. In the AdS^^ x case or in the 
duality with Sasaki-Einstein spaces, there is simply no i?-field. In the /3-deformation 
or the multi-parameters /5- deformation, the 5-field is of the form 

B = ^Babdrd<f)\ (59) 

where ^(/ia)^ = 0" (« = Ij 2, 3) are the azimuth angles defined by 

yi = ve^ = F^icos0i, = Ye^ = r/iisin0i, 

y2 = _ Yj^2 cos 02, Y^' = Y6^ = Y^2 sin 02, (60) 

Y^ = YO^ = Yjjs cos 03, Y^ = Y9^ = F/xg sin 03 

and Bab is a function of Ha- This form of the i?- field respects the symmetries of the 
/5-deformed sphere and we will take it to be the -B-field where the string is coupled 
to. In general one may get a different answer by using a different gauge equivalent 
S-field. This is similar to the situation discussed in [21] where an open D3-brane is 
employed to compute the expectation value of Wilson loop in higher representation. 
There the answer is shown to depend on the gauge choice of the RR 4-form potential 
C4 which appears in the Wess-Zumino couping. A symmetry argument was used to 
suggest the natural form of the C4 to be used. 

Obviously the 5-term in the worldsheet action is finite. For the piece BijY^diY^ 
in the Legendre transform, since Bij is of order 1/1^^, this term is potentially linear 
divergent. However this does not happen since, as we have shown in [16], a i?-field 
of the form flS^ satisfies the condition 

B,jY' = (61) 

exactly. This can be seen easily by noticing that 

Y^Y^dYiAdY^), 
Y,Y,dY^AdY,), 
YsY,dY2AdYQ). 
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d0^d02 



1 



■{YiY^dYi A dY2 + YiY2dYi A dY^ + YiY^dY2 A dY^ 



^dcj)^ = —l—{YiYedY^ A dY^ + Y^Y^dY^ A dY^ + YiY^dY^ A dY^ - 
= ^^Tll^sVerfFa A dYs + Y^Y^dY^ A dY^ + Y^Y^Y^ A dY^ - 



As a result, the piece BijV^diY^ in the Legendre transform is zero. Therefore, 
there is no divergence associated with the 5-field. This can also be checked using 
(^^. For example the contributions from B12, -B15 to d2{BijdiY^)Y^ is of the form 

^ ^-^^r-diYid2^- This is finite as F — > and so Ib is free from any divergence. 
Also since there is no subleading correction terms to the metric and the 5-field, 
there is no subleading divergence at all. The Wilson loop is finite. 

We remark that the background AdS^ x S^^^^^^^^ for the multi-parameters /3- 
deformation is not supersymmetric, but the Wilson loop expectation value is finite. 
This clearly shows that supersymmetry or the satisfaction of the BPS condition for 
the loop is not what is required for the finiteness of Wilson loop expectation value. 

• Supergravity background with asymptotically AdS^ x metric 
The first kind of example is given by a finite temperature deformation of any of the 
metric above. For example for A/" = 4 at finite temperature, the metric is 

ds' = U\-{1- ^)de + (dXr) + (1 - ^)"^ + (62) 

Asymptotically, the metric behaves identically to that of the AdS^ x 5*^ background. 
So the cancellation of the infinity occurs with the same boundary conditions as in 
the AdS^ X case. Putting a finite temperature deforms the asymptotic form of the 
metric with power-like terms and this does not introduce any additional subleading 
singularity. 

• Sakai-Sugimoto QCD model 

The background consists of a dilaton, a RR 3-form potential and the metric [26] 

ds' = (j^ {;r,,.dX-dX'' + f{U)dz') + (^"j + U'dttlj , 

= 9.(1)'". /(f/) = (63) 

Here X^ (/x = 0,1,2,3) is the spacetime. z = X^ is periodic and describes the 
compact direction of the D4-brane. U > Ukk corresponds to the radial direction 
transverse to the D4-brane. With the coordinate transformation Y = R'^/U, the 
metric near the boundary U = 00 reads 

(T-,\ 3/2 / R\ 

yj {r]^,dX>^dX' + dz^) +{^\ {dY^ + Y'dQl). (64) 

In this case a = 3/2, P = 5/2 and the condition (^71) is satisfied. The leading UV 
divergence is a linear one and it can be cancelled with a choice of the boundary 
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condition for the string minimal surface 

J'^d^Y\a,,Q) = Y^'^M\y\ai). (65) 

The vielbein is trivial since kij = 6ij = I,-- - ,5) for the boundary metric. 
Including the contribution of the pion field (pQ, we propose the following form of the 
Wilson loop operator for the Sakai-Sugimoto QCD model, 

W[C] = ^Tr P exp cir(^A^x^ + z^oZ + ^if)^ , (66) 

and the constraint is 

Moreover since the subleading correction terms to the metric is power-like, therefore 
there is no further subleading UV divergences. 

• Klebanov-Strassler background 

Another example is the Klebanov-Strassler background [23] which describes a warped 
deformed conifold. In this case the asymptotic behavior of the metric is different 
from the power ansatz However it is not difficult to repeat our analysis above. 

The background has a constant dilaton, a RR 2-form, and the metric and 5-field 



31/3 



{dT^ + {g,f) + cos\^'''-[{g,Y + {g,f] 

+ Sm\,^l[[g,f + {g,f]Y (6^ 



B = ^[fgiAg2 + kgsAg,], (69) 



where gi is a basis of invariant one-form on T^'^ 

gi = -j={-sid(f)i - c^S2d(j)2 + s^d92), g2 = -j^dQx - s^S2d(j)2 - c^d92), 

gs = "^("'^I'^'^i + c^S2d(f)2 - s^d92), g4 = "^(^^1 + s^S2d(j)2 + c^d92), 

g^ = dijj + cid(f)i + C2d(f)2. (70) 

The 5-field respects the symmetries of T^'^ and we will assume that this is the 
proper i?-field where the string is coupled to. h, K, f and k are some functions of r 
whose form can be found in [23]. For our purpose, we record their asymptotic form 
for large r, 

h = e-^ (4r - 1) + 0(r2e-^), K = 2'/'e~-/%l - ^e'^^) + ©(e"^), (71) 
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/ ^ - re-^ + 0(re-2-) , k ^ + re'^ + 0{Te-^^). (72) 

In this limit, the metric becomes 

ds^ = h-'/\r)dx^ + h}'\r)dsl (73) 
where the radial variable is defined by 

for some resolved scale r^. The warp factor is 

and ds\ is the cone metric over T^'^ 

dsl = dr^ + r^dsli,i. (76) 

The 5-field behaves 

B = 0(log -){sideid(j)i - S2d92d(t)2). (77) 
Putting y = 1/r, we have near the boundary F = 



G« = + (79) 



and 

,logF 

y2 



% = 0(^). (80) 



Here /i^i. = rj^j.^ and /c^- can be worked out using the metric of T^'^. These details 
will not be important for us. Note that the metric fl68|) is of the form fH5l) and so it 
satisfies the condition flSTl) . 

The Hamilton- Jacobi equation flTUl) is replaced by 

(log F) A;,,- Ji°9„FV/9^F^+ V Ji"9„X^ j/S^gX'^ = (log F) A;,,-9ir*9iF^+ V^iX^^ 

(81) 

The string boundary condition is given by the same Dirichlet condition fllip and 
mixed boundary condition fll2p . For a string terminating on the boundary, we 
have y*(cri,0) = 0. To get rid of the first term on the RHS of flHTl) . we require 
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that (9iy*(cri,0) = o{l/\/\ogY). This also imphes that the i?-term in the mixed 
boundary condition 

iB^idiY^ = o(l). (82) 

The Hamilton- Jacobi equation in the limit y ^ makes sense if Ji°'daY^{ai,0) is 
of the order of 1/ ^/\ogY. Therefore, we can drop the 5-term in the mixed boundary 
condition (fT2l) and write 

Ji"9,r (^1, 0) = -=i=A^i/^(ai). (83) 
VlogF 

The Hamilton- Jacobi equation finally gives 

h.^x^x-' = h^K'r^K\y^r- (84) 



Now we examine the structure of UV divergences. For the area part, it is easy 
to see that we get the same linear divergence as before and so Ia is finite if 
the loop condition (!84l) is satisfied. As for the 5-field, since d2{BijdiY'^)Y^ is of the 
order of log Y/Y, therefore 

/B~(loge)l (85) 
This is a new divergence which can not be cancelled with the Legendre transform. 



4 Discussions 



In this paper, we have analysed of the structure of UV divergences in the Wilson loop 
from the supergravity point of view by including the effect of a non-trivial metric 
and a NSNS 5-field. We find that in general there can be new divergences which 
cannot be cancelled with the Legendre transform. We also find that when certain 
conditions are satisfied by the i?-field and the metric, the leading UV divergence 
becomes a linear one and this can be cancelled away by choosing the boundary 
condition of the string appropriately. In general there may still be divergences 
associated with the i?-field, and if they do exist, there is no way to cancel them 
with the Legendre transform. This is similar to the result of [10] which analysis the 
effect of a nontrivial dilaton on the structure of UV divergences in Wilson loop. We 
conclude that Legendre transform is at best capable of cancelling only linear UV 
divergences, but is incapable to cancelling any subleading divergences which may be 
present, no matter whether it is due to the dilaton or the NSNS i?-field. 
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We have been concentrating on the structure of UV divergences associated with 
the string minimal surface. For Wilson loop in higher representations, a more suit- 
able dual description is in terms of D3-branes or D5-branes [21,27-33]. Presumably 
the correspondence will continue to hold for a more general class of gauge/gravity 
duality. It will be interesting to analyze the structure of the UV divergences there 
and to derive the corresponding boundary conditions for the corresponding D-brane 
description. 

Our analysis is performed on the supergravity side. It is an interesting question 
to check and confirm the form of the loop constraint (HOl) from the field theory per- 
spective. To do this, one need to know the form of the Wilson loop operator that is 
dual to the supergravity computation. In the simplest case where the field theory 
has the same number of (adjoint) massless scalar with the dimension of the internal 
manifold, the natural candidate for the operator is a direct generalisation of ([1]). 
However, the field theory may have different number of scalar fields in general. This 
is the case, for example, in the quiver theories that are dual to backgrounds with 
Sasaki-Einstein spaces [24,25]. There the form of the Wilson loop operator is un- 
known. In this example one may try to exponentiate a product of the bifundamental 
fields in order to construct the Wilson loop. But since scalar field has dimension 
one in four dimensions, one needs to compensate the dimension with another di- 
mensional quantity. This is not completely clear what it might be in a conformal 
theory. It will be interesting to analyze this further and to construct the Wilson 
loop operator for these theories. 

Finally we end with some remarks on the form of the Wilson loop operator in the 
3-dimensional TV = 6 supersymmetric Chern-Simons theory [20], where recently the 
correspondence of Wilson loop has been analysed [34-37] (see also [38] for related 
discussions). The ABJM theory has a U{N) x U{N) gauge and opposite levels k 
and —k. The matter fields are bifundamental scalar fields Ai, A2 in the representa- 
tion (N, N) and anti-bifundamental fields Bi,B2 in the representation (N, N) and 
fermions. On the field theory side, a Wilson loop operator which couples to a certain 
bilinear combination of the bifundamental fields has been considered 



where = [Ai, A2, Bi, B2) and the curve C is a straight line or a circle. For 
the special case where C is spacelike and M = diag(l, 1,-1,-1), the operator is 
1/6 BPS. In this case the UV divergences of this operator cancelled in the per- 
turbation theory. It was also argued [35] that this 1/6 BPS Wilson loop operator 
describes a string smeared over a CP^ in CP^. The smeared string perserves a 
SU{2) X SU{2) subgroup of the SU{A) isometry, which is precisely the amount of 




(86) 
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R-symmetry preserved by the operator (!86l) for this particular choice of M. As a 
smeared configuration, one would not expect to have a relation like (l26l) to relate the 
worldsheet boundary conditions with the couplings of the scalar fields in the Wilson 
loop. In general one may consider localized string in CP^ and ask how it's boundary 
condition appears in the Wilson loop. We will consider a natural proposal in the 
following. However it turns out the correct operator has to be more complicated 
than this. 

To describe the string theory on CP^ (see for example, [39]), it is convenient to 
use the complex coordinates 

4 

^w^w^ = l, (87) 
1=1 

subjected to the constraint 

4 

Y^{w^d^w^ - w^daW^) =0, a = 1,2. (88) 
1=1 

This construction is a realization of the Hopf fibration since the first constraint 
describes a 5*^ and the second constraint describes a U{1) symmetry which reduces 
the embedding to CP^. Using this description, one can think about the transverse 
space to the boundary spacetime as described by the four coordinates := Yw^ 
where Y is the radial coordinate of AdS^. In terms of , we have Yl^=i = Y"^ 
and 

4 

J2iZ^9a,Z^ - Z^d^Z^) = 0, a = 1,2. (89) 

7=1 

The string boundary condition is then given by the three Dirichlet condition for the 
longitudinal coordinates and the eight Neumann boundary conditions 

J'^d^Z'{T,0) = z\T), 1 = 1, ■■■,4. (90) 

Note that the boundary condition (pO!) is consistent with the constraint in (189|) since 
Z^{t,0) = 0. In terms of real coordinates Z^ = Y^ + iY^,Z^ = Y^ + iY^,Z^ = 
Y^ + iY\ Z^ = Y^ + iY^, the embedding reads Eti(^')^ = and 

4 

Y^{Y'd^Y'^^ - Y'+^dJ"') = 0. (91) 

7=1 

The boundary condition reads 

J'^d^Y\T,Q) = y\ z = l,---,8, (92) 



20 



where z = y + iy , z = y + iy , z = y + iy , z = y + iy . 

To write down the Wilson loop, we note that due to the presence of the product 
gauge group, there are two independent Wilson loops one can write down. Let 
us concentrate for the moment on the first U{N), one can form adjoint fields by 
multiplying the bi-fundamental fields in a certain order. It is natural to consider 

W = ^TrP exp (^^ dr^iA^x^^ + a^bAaA^ + babBaBh)^ (93) 

where C is a general spacelike curve. This operator is invariant under arbitrary 
reparametrization r — f, including orientation reversing ones. Since scalar fields 
in three-dimensions is of dimension half, the variables a""^ and b"''' are of length 
dimension and therefore it make sense to try to identify them with the boundary 
variables z^ in ( I90l) . Since Aa (or Ba) is a doublet of SU{2)i, AaAf, (or BaBb) 
contains a singlet and a triplet of SU{2)i. Our proposal is to identify 



O'ab 



2\/27rA, . ., . 2\/27r ^ 



J2(^%ty\ kb = ^Y.^^labf^' (94) 



k ' k 

i=l i=l 



where a* = (r^, r^, r^, 1) and r^'^''^ are the Pauli matrices. Note that the ABJM the- 
ory is manifestly invariant under SU{2) x SU (2) of the SU{4:) R-symmetry. There- 
fore ( l93l) respects this symmetry if we assign {y^,y'^,y^) (respectively {y^,y^,y'^)) to 
be a triplet and (respectively y^) to be a singlet SU{2)i (respectively SU{2)2). 
For convenience, we have put a factor of 2\f2'njk above since the propagator of the 
gauge bosons and the scalar field is different. This turns out to be a convenient 
normalization in perturbation theory. We remark that the identification (IMll can 
also be written as 



4 



Oab + ihab = ^ ^(cr^)abi^ (95) 
7=1 

and our proposal for the Wilson loop operator that is dual to a string with the 
boundary condition (J90l) is 



W = ^TrPexp 
N 



4 



(96) 



Here is the composite scalar := [A^ + iB^)/\/2 where := Aa{a^)ab^bi 
:= B,{a')abBb . 

By doing a perturbative computation as in, e.g. [35-37], one can show that the 
Wilson loop is in general linear divergent: 

^We dn{x{nr-y{nr). (97) 
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Therefore the divergence cancels if the loop constraint 

= f (98) 

is satisfied. The fact that we obtain precisely the same constraint as obtained from 
the Hamilton- Jacobi analysis provides some support that the ansatz (1961) correctly 
encodes the boundary conditions of the dual open string. However this cannot be 
correct due to a mismatch. In fact, a half BPS string configuration which is localized 
at a point in CP^ has been considered in [35-37]. One can show that there is no 
choice of to make ( !96l) half BPS. Even worse, it is easy to show, for the ansatz 
( l86|) which is coupled to a bilinear of scalars, there is no choice of the Hermitian 
matrix M so that there is 1/2 unbroken supersymmetry. Therefore the correct 
Wilson loop operator that is dual to localized string must be more complicated. 
The understanding of this will be very interesting. 
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